In calculations of the elementary scalar spectra of spontaneously broken gauge theories there is a number of subtleties which, though often unnecessary to deal with in the order-of-magnitude type of calculations, have to be taken into account if fully consistent results are sought for. Within the "canonical" effectivepotential approach these are, for instance: the need to handle infinite series of nested commutators of derivatives of field-dependent mass matrices, the need to cope with spurious IR divergences emerging in the consistent leading-order approximation and, in particular, the need to account for the fine interplay between the renormalization effects in the one-and two-point Green's functions which, indeed, is essential for the proper stable vacuum identification and, thus, for the correct interpretation of the results.
I. INTRODUCTION
In the last three decades the progress in high energy physics has been strongly influenced by considerations related to the so called "hierarchy problem" having to do with an apparently unnatural coexistence of vastly different energy scales in various beyond-Standard-Model constructions like, e.g., grand unification, left-right symmetric models, etc.
On the theory side, such discussions turned out to be extremely fruitful as they triggered an enormous amount of interest in low-energy extensions of the Standard Model (SM) such as large extra dimensions, technicolor type of theories, TeV-scale supersymmetry and many other schemes.
These were either tailored from scratch to address the hierarchy puzzle by, e.g., lowering the relevant cut-off (or even by discarding elementary scalars from the physical spectra at all), or led to its considerable alleviation by, e.g., reducing the sensitivity of the low-energy physics to the potentially large heavy-sector contributions by ensuring their (almost) exact cancellation due to an extra symmetry at play.
Unfortunately, the hierarchy-based arguments in favour of any of these thrilling subjects are very often given in an overly rudimentary and handwaving form, usually along the lines like: "Unlike for the fermions, the loop corrections to the light scalar masses due to super-heavy extra fields in loops yield terms which are quadratic in the heavy scale. So there is a need to re-adjust order by order the relevant bare scalar masses to an enormous degree in order to keep them at the desired light scale; this looks unnatural and, thus, we have a problem unless there is a deeper reason why such loops are cancelled/softened/absent." 1 This, on one hand, makes the motivation for many popular SM extensions very short and hence(?) compelling; on the other hand, though, it tends to obscure a lot of important conceptual details which, however, should be clarified to the last bit in order to have a solid foundation for further speculative (and sometimes even quite baroque) constructions.
The most important of these, in my opinion, is the fact that the SM Higgs field H is not just a generic scalar field but it has several features which make it slightly less straightforward to adopt the simple argument above for the very Standard Model. First, the scalar doublet Φ in which H resides is charged under the SU (2) L ⊗ U (1) Y gauge symmetry and, as such, it can not couple directly to superheavy fermions (which must be vector-like from the SM point of view); hence, the relevant "dangerous" graphs emerge only at a higher-loop level, see e.g. [1] . Nevertheless, heavy scalars Ψ can always couple directly to Φ through the "Higgs portal" type of a renormalizable interaction Φ † ΦΨ † Ψ and, thus, the heavy tadpoles quadratic in M Ψ are always present.
More importantly, the radiative corrections due to the heavy fields coupled to the Higgs type of a scalar -besides affecting the overall shape of the scalar potential -shift also the position of the asymmetric vacuum of the theory (or, equivalently, destabilise the tree-level vacuum configuration; this exhibits itself by a non-zero value of the renormalized one-point Green's function at that point). Hence, the renormalized Higgs mass which is, by definition, related to the shape of the renormalized scalar potential in the neighbourhood of its true vacuum, must be evaluated with great care in the usual perturbation theory as there is more than just the notorious quadratic contributions to the relevant two-point function to be taken into account.
In more technical terms, the physical mass of a generic scalar field φ in a spontaneously broken theory is given by the roots of the relevant renormalized two-point inverse propagator
where m 2 corresponds to the (scheme-dependent) renormalized mass parameter and Σ(p 2 ) is the properly renormalized loop factor 2 , if and only if one sits in the proper renormalized vacuum of the theory, i.e., iff
The last condition is, however, trivially fulfilled for all scalars that are charged with respect to the desired residual symmetry, i.e., those that can not get a vacuum expectation value (VEV); for such fields Eq. (1) contains the full information. On the other hand, for the scalars of the Higgs type, i.e., for those that can acquire a non-zero VEV, Eq. (2) represents a non-trivial extra constraint that has to be implemented into (1) before its roots are determined.
However, as important as it is, this subtlety is almost never addressed in courses or introductory lectures; this, in turn, generates a bias against elementary scalar fields without making any distinction between those having nothing to do with spontaneous symmetry breaking and the Higgs-like degrees of freedom.
In this note we attempt to provide an elementary review of the Higgs mass renormalization in the simplest gauge theory that can accommodate perturbative spontaneous symmetry breaking, 2 The specific shape of Σ(p 2 ) in terms of the sum of the regularized loop diagrams and the appropriately fixed counterterms is, of course, renormalization-scheme dependent; however, in any given scheme the physical mass of the relevant scalar still obeys Eq. (1) because in such a case also the interpretation of the bare parameters changes accordingly.
the minimal abelian Higgs model. In particular, we would like to demonstrate in all detail that the large quadratic contributions due to the superheavy fields (with masses ∼ M ) can be entirely subsumed into the renormalization of the relevant VEV so that there is no other explicit M 2 -dependence left in the physical Higgs mass.
Generalising this to the SM situation one may thus conclude that, at variance with what one can hear frequently, the physical mass of the SM Higgs is not any more sensitive to the UV physics than that of any other SM field.
In doing so, it will be very convenient to invoke the effective potential techniques as an ideal bookkeeping tool that saves one from most of the explicit diagrammatics hassle. However, in this approach (and, in particular, in spontaneously broken gauge theories) there are other subtleties one should be aware of, e.g., the need to handle infinite series of nested commutators of derivatives of field-dependent mass matrices, the need to cope with spurious IR divergences emerging in the self-consistent leading-order approximation and also the need to account for the finite shifts from the zero momentum regime (the effective potential as the zero-derivative term in the coordinate expansion of the effective action corresponds to) to the mass shell. Since this, I believe, is an interesting stuff per se we shall spend some time on such technicalities too; hopefully, this will make these notes more self-contained and potentially interesting for a wider readership.
Outline: After few formal prerequisites related to practical aspects of the effective potential approach, cf. Section II, in Section III we shall give a short review of some of the salient features of the abelian Higgs model:
• We shall show explicitly how important it is to keep in mind that the field-dependent mass form is actually a matrix that does not need to commute with its derivatives and how this is reflected by the presence of infinite-series terms in the second derivatives of the one-loop effective potential. This, as we shall see, is indeed crucial to keep the Goldstone modes formally massless at the one-loop level.
• We shall discuss in brief how to deal with apparent IR divergences due to the presence of massless modes (recall that the Goldstone-boson propagator in the Landau gauge is IR singular) emerging in a simple-minded (though perturbatively consistent) leading-order approximation or even in the full-fledged one-loop calculation within a particularly contrived renormalization scheme.
• We shall also try to make it clear that, in spite of the explicit scale factor present in various versions of the renormalized Higgs mass formula, the physical Higgs mass is unique and scale independent.
Then, in Sect. IV, we shall repeat the one-loop spectrum calculation in a non-minimal model featuring an extra scalar field Ψ equipped with a large gauge-singlet mass term M . It will become very clear that the physical mass of the Higgs boson is prone to large radiative corrections quadratic in M only through the associated symmetry breaking VEV while all its explicit M 2 -dependence is only logarithmic. In this respect, the Higgs bosons are as UV robust as all the other fields whose masses are governed by the same VEV (such as, e.g., the U (1) gauge boson in the abelian Higgs model under consideration).
Finally, in Sect. V, we shall argue that this is a special feature of the Higgs bosons (i.e., the dynamical components of the scalar fields triggering a spontaneous symmetry breakdown) as it does not apply to other generic "accidentally" light scalars -redoing the same calculation yet again with an accidentally light extra scalar singlet (with respect to the unbroken gauge symmetry) we shall see explicitly that the loop corrections drag its mass to the heavy scale as expected while leaving the Higgs mass essentially intact.
For the sake of completeness a set of appendices including computational details is attached.
II. FEW FORMAL PREREQUISITES
Assuming just scalar and gauge degrees of freedom at play the one-loop (Coleman-Weinberg) effective potential [2] reads V eff = V + ∆V where V denotes the tree-level scalar potential,
is the relevant one-loop correction (in the dimensional regularisation within the modified minimal subtraction (MS) scheme) and M S and M G stand for the matrices of the second derivatives of V and the field-dependent gauge masses, respectively. Let us also note that µ is the renormalization scale and all parameters entering (3) are understood to be the running parameters depending implicitly on µ with the additive factors in the round brackets ensuring their proper interpretation in the given renormalization scheme.
In what follows we shall focus predominantly on the scalar sector of the model, i.e., we shall mostly ignore the second (gauge) term in the square bracket of (3), thus avoiding all the subtleties related to the gauge dependence of the effective potential etc. An interested reader can find a thorough discussion of these matters, e.g., in [3] [4] [5] and references therein. We shall also entirely ignore other effects due to, for instance, finite temperature [6, 7] and/or finite density [8, 9] .
In theories with more than a single scalar field (i.e., in every perturbative implementation of the Higgs mechanism where the longitudinal components of the massive vector bosons are supplied by the Goldstones) M S must be treated as a matrix and the logs are then defined through the relevant series. Since the pre-log matrices in (3) are identical to those in the log arguments, their (trivial) commutativity properties ensure that the first derivative of ∆V can be written in a simple form:
Unfortunately, this is no longer the case for the higher derivatives as there is no guarantee that M S in the logs in formula (4) commutes with its derivatives in the pre-log factor. This, however, complicates the evaluation of the second derivatives, giving rise to an infinite series of terms including nested commutators of these structures:
where, for each k ≥ 1, the commutator in the last term is taken k − 1 times. Let us note that the RHS of formula (5) can be shown to be symmetric under a ↔ b, as it should be. Though more difficult to handle in practice the infinite series of the nested commutators plays a central role in rendering our later calculations self-consistent.
III. THE MINIMAL ABELIAN HIGGS MODEL A. The classical lagrangian and the tree-level vacuum
In what follows we shall first consider the classical abelian Higgs model lagrangian
with a renormalizable scalar potential in the form
Writing Φ = Re iα and assuming R ≥ 0 and m 2 > 0 the rewritten scalar potential
is minimized for R = m/ √ λ and an arbitrary α. Choosing without loss of generality Φ = v ∈ R the physical Higgs (H) and the Goldstone (G) modes are readily identified as
and, up to an irrelevant constant term, the scalar potential reads in the broken phase
which, in the tree-level minimum v = m/ √ λ, receives the familiar form
Hence, at the tree level, the physical Higgs mass is
B. The one-loop vacuum and the second derivatives of the effective potential
The central object of interest in the calculation of the one-loop Higgs mass is the tree-level field-dependent scalar mass matrix (defined as a matrix of second derivatives of V with respect to all scalar degrees of freedom) and its first and second derivatives evaluated at the minimum of the one-loop effective potential, cf. equation (5) . Restoring the general coordinates in the scalar sector, Φ = φ R + iφ I , one has
and the field-dependent mass matrix in the {φ R , φ I } basis reads
In the same basis,
and
These structures, evaluated at the assumed 3 real asymmetric vacuum Re Φ = v (i.e., φ R = v, φ I = 0), provide all the ingredients needed to construct the first and second derivatives in eqs. (4) and (5) of the (scalar part of the) one-loop effective potential of our interest.
First derivatives: Using Eq. (4) the first derivatives of the one-loop effective potential evaluated at the asymmetric vacuum are zero if and only if (as before, we consider only the scalar part of Eq. (3))
which constitutes a one-loop stationarity condition for the VEV v in terms of the scalar potential parameters.
Second derivatives: Since M 2 S and ∂M 2 S /∂φ I evaluated at the vacuum do not commute, one expects that the second derivatives of the scalar part (∆V S ) of the one-loop contribution to the effective potential (5), namely, the second derivative of ∆V S with respect to φ I and the mixed one, will require a careful summation of the relevant infinite series. On the other hand, since M 2 S and ∂M 2 S /∂φ R evaluated at the asymmetric vacuum do commute, the second derivative of ∆V S with respect to φ R should be much simpler to deal with.
Using the methods described in Appendix A the relevant series yield the following sums (in an obvious notation):
where we displayed only those factors that can contribute to (5), i.e., those that are not traceless.
Given these prerequisites, one can finally write down the full matrix of the second derivatives 3 Needless to say, the assumed reality of Φ does not lead to any loss of generality.
of the (scalar part of the) effective potential:
where only the non-zero elements were displayed. Remarkably, in the exact one-loop minimum given by the stationary condition (17) the "Goldstone part" ∂ 2 V eff /∂φ 2 I vanishes, as required by the overall consistency. Note that the infinite series in (5) and, in particular, its sum (19) play a central role in this calculation -without it one could never get an exactly massless Goldstone at the one-loop level.
C. The one-loop Higgs mass
Finally, turning to the Higgs mass (now it is already obvious that H = φ R up to the VEV) one has to evaluate the first formula in (21) at the one-loop vacuum (17). Although it is not possible to solve Eq. (17) for m 2 in a closed form it is still very useful to subtract it from ∂ 2 V eff /∂φ 2 R ; this yields
where the first term on the RHS is obviously the tree-level contribution (12) .
There are several comments worth making here:
• It is very instructive to trace back the disappearance of the terms quadratic in m and also the m 2 -proportional pre-factors of logs; although this can be viewed as a trivial consequence of trading m 2 for λv 2 + . . . due to (17) the same, as we shall see, happens even if there are other large singlet mass parameters at play due to, e.g., heavy extra singlet scalars, cf.
Section IV.
• It can look like the first log in formula (22) contains an IR singularity if one uses a tree-level stationarity condition m 2 = λv 2 here (which, operationally, can be justified by arguing that the error one would commit if the loop corrections in (17) were neglected is of a higher order).
On a little less naive basis one can, e.g., come up with a contrived renormalization scheme in which m 2 = λv 2 would be an exact equation for the one-loop vacuum; indeed, it is sufficient to choose µ such that (17) holds, i.e., log 2λv 2 /µ 2 = 1 which blows the first log in (22) too.
What does such an instability mean? Note that there is nothing like this in the Goldstone sector as the formula (21) is functionally identical to the stationarity condition (17).
The key to this issue is the fact that the effective potential corresponds to the first term in the momentum expansion of the effective action around zero momentum and, thus, equation (22) does not correspond to the physical (i.e., pole) mass of a massive scalar. This, indeed, is obtained by shifting the zero-momentum mass (22) to the momentum squared identical to the pole mass squared, i.e., to solving the secular equation of the relevant eigenvalue problem
(see Appendix D) where M 2 is the zero-momentum mass matrix given by the second derivatives of the one-loop effective potential (21) and Σ is the matrix of the scalar self-energies.
In this respect, it is clear why such an instability can not occur in the Goldstone sector -for zero p 2 -eigenvalues the self-energies drop from Eq. (23) and, thus, there is no extra contribution to save the day.
The (scalar part of the) self-energy matrix Σ is calculated in Appendix B and it is clear that, indeed, the momentum dependent piece of Σ HH has an IR singularity at p 2 = 0, m 2 = 2λv 2 which matches exactly the singularity in the first log of Eq. (22). Thus, there is no IR singularity in the physical mass of the Higgs boson determined from (23) at the one-loop level.
• It is not only the first log in (22) that can be expected on the consistency grounds to appear in the second derivative of the one-loop effective potential; also the second log can be guessed However, unlike the running mass, the pole mass is a fixed number which should not depend on the renormalization scale so for a full conceptual consistency the explicit µ-dependence in the one-loop formula for the physical Higgs mass should be compensated by the implicit µ-dependence of the running quantities in there. Barring higher order (two-loop) terms the only piece whose implicit µ-dependence can compete with the explicit −5λ 2 v 2 /4π 2 log(µ 2 ) ≡ X(µ)
term on the RHS of Eq. (22) is the tree-level Higgs mass 2λv 2 . Since the (scalar part of the) one-loop anomalous dimension of the Higgs field in the minimal abelian Higgs model is zero, cf. Appendix C 1, the culprit should be the quartic coupling λ. Indeed, using the scalar part of the relevant beta-function calculated in Appendix C 2 one can see that a shift in the renormalization scale µ 2 →μ 2 inflicts a shift
in the tree-level contribution while the one-loop part in (22) gets shifted as
Consequently, the total 2λ(µ)v 2 + X(µ) remains µ-independent at one loop.
Reversing the logic, i.e., demanding that there is no "spurious" IR divergence in the one-loop Higgs formula and that the Higgs pole mass is renormalization-scale independent one can fully reconstruct the formula (22) without even writing down the one loop effective potential, let alone dealing with the series of nested commutators! To conclude, the result (22) is fully justified (including several conceptual details) and we are ready to generalize it for the case of our main interest.
Yet another comment is in place though: It is, of course, not an accident that the finite part of Σ HH (p 2 ) at p 2 = 0, see formula (B2), corresponds exactly to the one-loop part of Eq. (22); this is even to be expected because -after the finite shift 4 given by the last two terms in formula (23) -one should get the notorious expression
which is the correct formula for the root of the inverse propagator up to higher-order corrections.
Nevertheless, one should not get the false impression that all the effective potential tedium is useless because the physical Higgs mass could have been calculated from scratch by just summing up the tree-level piece 2λv 2 with Σ HH (p 2 ) evaluated at p 2 = 2λv 2 with the UV-divergent part subtracted 5 . The point here is that this simple procedure does not in any way reflect the quantum effects in the vacuum of the theory as it assumes implicitly that m 2 = λv 2 is an excellent approximation of the shape of the vacuum manifold even at the one-loop level. This, however, can 4 Let us reiterate that the effective potential entails only the zeroth-order term in the momentum expansion of the effective action. 5 Indeed, this is the expression that is usually written down in support of the arguments about the explicit quadratic Higgs mass sensitivity to heavy degrees of freedom.
be far from true if there are heavy degrees of freedom coupled to the Higgs; the associated tadpoles may easily induce large shifts in the relevant one-point function (2) quadratic in their mass.
Similarly, also Σ HH (p 2 )| finite part can contain large quadratic contributions from the heavy seagul type of diagrams which -if evaluated in the naïve minimum -would, indeed, yield an explicit large-mass-squared dependence. Hence, the interplay between the one-and two-point functions is essential for the proper physical Higgs mass identification at the quantum level.
It should also be clear that all the simple links between the effective potential and the classical diagrammatic calculation that we drew for the abelian Higgs model would be much more difficult to follow in more elaborate scenarios. For that sake it is sufficient to compare the elegance of the former (where, in fact, the main diagrammatic tedium is contained in calculating few derivatives of the prefabricated formula (3)) with, e.g., the full-fledged calculation of all the diagrams in realistic theories such as the Standard Model [10] and/or the myriads of its potentially realistic extensions 6 .
Moreover, the advantage of the effective potential language becomes further pronounced when the quantum structure of not only the one-and two-point Green's functions is at stakes (i.e., when it comes to, e.g., vacuum stability, thermal effects etc.), let alone the deep conceptual questions as, for instance, the renormalizability of the spontaneously broken gauge theories [12] .
IV. THE ABELIAN HIGGS MODEL WITH AN EXTRA SINGLET SCALAR

A. The Higgs Anti-discrimination Act
In this section we shall recalculate the one-loop mass of the abelian Higgs boson in the presence of an extra singlet scalar Ψ whose mass is governed by a large gauge-singlet 7 mass term 
B. The lagrangian
Assuming for simplicity that the heavy neutral singlet Ψ is odd 8 under a Z 2 symmetry Ψ → −Ψ the relevant lagrangian can be written in the form
where the renormalizable scalar potential reads
which, in components, looks
C. The one-loop vacuum and the second derivatives of the effective potential
Following the same procedure as in Section III B the relevant analogues of eqs. (14)- (16) read here (in the {φ R , φ I , Ψ} basis):
First derivatives: As expected, the simple one-loop stationarity condition (17) receives an extra set of M 2 -proportional terms due to the heavy Ψ loops in the relevant one-point function:
Second derivatives: Similarly, the sums of the infinite series in (5) read (as before, we display only the factors with non-zero traces):
Note that the last expression is regular even for M 2 + κv 2 → −m 2 + 3λv 2 so it is only the log in S II that one should be careful about.
With this information at hand, one can readily calculate the second derivatives of the effective potential; the only non-trivial entries turn out to be the diagonal ones:
Again, the φ 2 I part (39) exactly vanishes in the vacuum (34) and, thus, we consistently recover the desired Goldstone zero in the scalar spectrum. Next, it is clear that there is indeed no singularity due to the last term in formula (40) in the formal m 2 → λv 2 limit -this is to be expected as there is no way to cure a would-be real IR singularity in the heavy sector by finite shifts in formula (23) because, given the shape of the φ I − Ψ interaction term in (29), the only graph including the IR-singular Goldstone propagator that can contribute to Σ ΨΨ is a momentum-independent tadpole which drops from Σ ΨΨ (p 2 )−Σ ΨΨ (0). Hence, it is legitimate to input the stationarity condition (34) into the one-loop part of (40) in the self-consistent approximate form m 2 = λv 2 .
D. The one-loop spectrum
Expanding further the formula (40) in powers of v/M the mass of the heavy scalar is given by
where the ellipsis contains terms proportional to v 2 and smaller which in the case of our interest (i.e., v ≪ M ) play no role here.
For the zero-momentum-squared Higgs boson mass one has 9 :
that, after the shift to the pole, provides the physical Higgs mass.
Remarkably enough, even here the terms proportional to M 2 (i.e., those in the last rows of eqs. (34) and (38)) disappear. Unlike in the minimal model discussed in Section III C, this cancellation is non-trivial here 10 as there are two different singlet mass parameters entering the stationarity condition. These, however, simultaneously cancel among the one-point and two-point Green's functions. Hence, one can conclude that even with an extra heavy field at play the Higgs mass remains to be sensitive to the high-scale physics only through its VEV, as it is with any other field whose mass is generated by the spontaneous gauge symmetry breaking.
Let us also make it clear that the shift from the zero-momentum-scheme mass to the pole mass does not regenerate any explicit polynomial M 2 -dependence (or M 2 × log type of terms) in formula (42): although there are potentially large tadpoles contributing to Σ HH , these are innocent in the difference Σ HH (p 2 ) − Σ HH (0) because of their momentum independence; similarly, the finite shifts due to the heavy momentum-dependent "blobs" behave essentially like
and, thus, entertain the standard decoupling behaviour.
Last remark concerns the µ-dependence of formula (42). The coefficient of the last term therein can be again obtained from a simple RGE argument: The only difference between the (scalar part of the) beta function in the minimal setting discussed in Section III C and in the current situation is an extra contribution from the graph of the type (C4) with Ψ instead of H and/or G propagating in the loop. Since, at the level of combinatorics, it is equivalent to that of the Goldstone type in (C4) with λ swapped for κ the coefficient of the last term in formula (42) must be, up to this trivial difference, identical to the one of the second term therein.
V. THE ABELIAN HIGGS MODEL WITH TWO EXTRA SINGLET SCALARS
It is important to note that the UV robustness of the Higgs boson mass (claimed to be at the same level as that of, e.g., the gauge fields) is a special feature of just the Higgs type of fields and there is no reason for other elementary scalars unrelated to the spontaneous gauge symmetry breaking to be "protected" in any way by the relevant VEV. Qualitatively, this is not difficult to understand; roughly speaking, for these fields the classical argument sketched in Section I applies because their large singlet mass term dominates the shape of the scalar potential in the relevant direction and, hence, the extra condition (2) is trivially satisfied.
To make this very clear one can repeat yet again the analysis in Section IV with a pair of extra scalars Ψ 1 , Ψ 2 with masses M 1 and M 2 instead of just one Ψ. Since the calculation is a straightforward repetition of what was done before let us quote here only the main result:
In both cases, the ellipsis contains terms proportional to v 2 (or smaller) and η is the coupling connecting the two scalars, i.e., L ∋ η Ψ 2 1 Ψ 2 2 . Obviously, unlike for the Higgs boson whose mass is (for a fixed VEV) only logarithmically M -dependent, in this case the heavier scalar (whichever of the two it is) pushes up the mass of the lighter one by means of an explicit polynomial contribution.
VI. CONCLUSIONS AND COMMENTS
In these notes we attempted to comment on some of the subtleties in calculating the scalar spectra of spontaneously broken gauge theories which, though often unnecessary to deal with in the order-of-magnitude types of estimates, have to be all taken into account if fully consistent results are sought for. In this respect, the effective potential approach can be seen as a great bookkeeping tool which naturally accounts for all the fine interplay among the renormalization effects in the propagator and in the vacuum of the theory.
Sticking to the abelian Higgs model as a minimal setting encompassing most of the salient features of a perturbative spontaneous gauge symmetry breakdown, we have exemplified in detail, for instance, how to handle the infinite series of nested commutators of derivatives of field-dependent mass matrices emerging in the second derivatives of the effective potential, how to cope with the spurious IR divergences that may emerge in the self-consistent next-to-leading-order calculation of the Higgs mass, how does the shape of the derivatives of the effective potential relate to the β and γ functions of the theory, how infinitely more powerful are the effective potential methods in comparison to the modest purely diagrammatic approach in more complicated cases etc.
As a bonus, we have got a (hopefully) clear picture about the merit of the common lore that the elementary scalar masses are quadratically sensitive to the cut-off (representing, e.g., a higher energy scale where new degrees of freedom are integrated into the theory). As we saw, there is a clear difference between the physical mass formulae for the Higgs boson(s) and those for other generic scalars; as for the former, the large scale enters solely through the relevant VEV(s) (and, in this sense, the mass of the SM Higgs is as UV robust as that of any other SM field) while, for the latter, an explicit quadratic dependence on the large scale pops up. We put this into contrast with the usual wording of the hierarchy argument in support of many popular extension of the SM which notoriously sticks to just the discussion of the explicit quadratic cut-off dependence of the scalar two-point function and almost never touches upon the other important ingredient at play, namely, the fate of the tree-level vacuum.
In view of this, there are several disturbing questions that one can not refrain from asking; for instance: Why do we actually demand order-by-order perturbative stability of the unphysical parameters underpinning our calculations? Yes, we may need to adjust the underlying parameters to a high precision at the desired level in the perturbation theory in order to accommodate the data that we choose as our inputs, but why do we expect that such not-directly-measurable quantities would fall anywhere near (in whatever sense) those determined at a lower order of the perturbation theory? Alternatively, on a very practical level, why don't we care much about the cancellation of "infinities" in the loops contributing to the VEV shifts but, at the same time, we are so much concerned about the sizes of the finite remnants? Isn't this point of view just overemphasised due to our inability to solve the theory?
Traditionally, these concerns are addressed by working in frameworks where such questions do not even need to be asked, either because there is no high scale within the reach of the classical perturbative techniques (e.g., when there is no new physics assumed up to the Planck scale), or due to the emergence of new degrees of freedom acting as natural regulators of the wild perturbation theory behaviour (as it happens, for instance, in the low-scale supersymmetry).
Although this viewpoint is widely popular and very fruitful in practice it is not the only logically consistent option to deal with the hierarchy issue. One could speculate that, maybe, we are just asking too much from physics which -as a merely descriptive discipline -should be expected to provide pre-or at least post-dictions of the outcome of measurements rather than far-reaching philosophical insights (which, however, we can not prevent ourselves from making up -it's just too deep in our roots). If, for instance, all that we asked for was whether correlations between measurable quantities are stable order by order in the perturbation theory (for instance, the relations between the Higgs mass, the mass of the Z boson, the the muon decay width and/or the "strength" of the neutral current interactions), the entire hierarchy problem would be gone because then the fate of the bare Higgs mass parameter underpinning the electroweak VEV becomes physically irrelevant.
However, this all would already bring us to the blurry region between physics and philosophy which the author doesn't feel qualified to enter. 
where the commutator in the k-th term is taken k − 1 times. Interestingly, it is often the case that
..] part of the k-th term above (that we shall denote f k ab ) can be written as a (k − 1)-th power of a certain matrix B commuting with A which is further multiplied from the left by a constant matrix pre-factor C, i.e., 
In the simplest case above, i.e., whenever one can implement (A2), it is clear that C = {A, A a } A b
and B = A . Note that in the derivation (A3) we also assumed that B was invertible. Actually, the invertibility of B is not really necessary as, in practice, the RHS of formula (A3) can be defined by its limit even for a singular B. Finally, for B = 0, the inner series in Eq. (5) reduces to just its first term and the formal limit lim B→0 CB −1 [log(A + B) − logA] = CA −1 is also retained.
